Abstract. The energy independent model pseudopotential (EIMP) formalism, developed in the preceding paper, and Shaw's optimized model potential (OMP) formalism are applied to first principles calculations of phonon spectra of the alkali metals and AI and of Fermi surface distortions for the alkali metals. Then the applicability of the EIMP formalism for calculating actual physical quantities needed to characterize metal properties is examined in relation to Shaw's OMP formalism. It is found that, although both formalisms are able to give reasonable agreement with experimental phonon spectra, results calculated by Shaw's OMP for the Fermi surface distortions are much worse than the EIMP results and, in particular, are too sensitive to the uncertainty in the model potential parameter A 2 due to its energy dependence to be determined definitely for the heavier alkali metals. On the other hand, when compared with existing APW calculations for Fermi surface distortions, in which the relativistic effect due to the deep-core electrons is omitted, it is found that the EIMP results are about the same as existing APW results for the light alkali metals and better for heavier ones. It then appears that the relativistic effects due to the deep-core electrons on the Fermi surface distortions, which is taken into account implicitly through the model potential parameters in the EIMP calculation, are rather significant for heavier metals.
Introduction
In the preceding paper (Woo et a1 1975, referred to as I hereafter), an energy independent model pseudopotential (EIMP) formalism for the calculation of the electronic structure of metals was developed. In this formalism the action of the model pseudopotential operator just depends on the electron state it operates on, so that uncertainties in the determination of the model potential parameters, such as those occurring in the Heine-Abarenkov type model potential due to the energy dependence, can be avoided. As shown in I, form factors calculated by the EIMP formalism are significantly different from those obtained by Shaw's optimized model potential (om) with parameters from Appapillai and Heine (1972) for heavy metals even within the same electron4ectron interaction treatment.
As is well known, the form factor determines not only the electronic energy bands of a crystal but also the electronic contribution to the dynamical matrix for phonon spectra and the other properties of metals. Of all these properties, the phonon spectrum has been considered to be the most sensitive to the form factor w,(k) by other t Supported in part by the National Research Council of Canada.
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U P 5 1 G -O authors (Williams and Appapillai 1973, Animalu 1974) , because it samples 1 w,(k) 1 throughout q space. In reality, there is another property which may be very sensitive to w,(k). Inoue et a1 (1971) and Dagens and Perrot (1973) used the observed shape of the Fermi surface as a probe to examine the crystal potential employed in band calculations of the alkali metals. Their results, calculated by the APW method in which the relativistic effect due to the deep-core electrons is omitted, show that the radial distortions of the Fermi surface are very sensitive to the crystal potential. Thus, the radial distortions of Fermi surface would be very sensitive to the form factor.
Therefore, we proceed in this paper to apply results including the form factor presented in I to first principles calculation of phonon spectra of some metals and Fermi surface distortions of the alkali metals. Then, from comparison of the calculated results with experimental results, we examine the applicability of the EIMP formalism presented in I in relation to Shaw's OMP formalism for calculating actual physical quantities to characterize metal properties. In addition we examine the influence of the relativistic effect due to the deep-core electrons on the Fermi surface distortions, which is taken into account implicitly through the model potential parameters in the EIMP calculation.
Phonon spectra

The total energy of a metal
Taking equation (4.3) in I as the electronic energy, the total energy per ion E , is
where we used the relation ( k + q [ W ( k ) = S(q)w,(k) in writing the electronic contribution from equation (4.3) in I. S(q) is the structure factor given by C i exp (iq.R,)/N in which N is the number of ions and Ri the position vector of the ith ion. w, (k) is the Hartree form factor given by (4.15) in I. The first three terms of equation (2.1) describe the sum of electron energies, calculated to second order in the model pseudopotential. The fourth term is the direct ion-ion interaction. In the fifth term we subtract the electron-electron interaction, which has been counted twice in the energy due to the screening potential of the conduction electrons.
As in Harrison (1963) , E, can be separated into a free electron energy Efer a band structure energy E,, and an electrostatic energy Ees. Efc is structure independent, while E,, and E,, are structure dependent. To perform this separation, we define, as in Harrison (1963) , the notations of four charge densities and their corresponding potentials in table 1. Using these notations the last two terms in equation (2.1) can be written as Here a prime is used to indicate that the interaction of a charge with itself is omitted. For convenience, we extract one contribution from the second term in equation (2,1), In equation (2.1) the exchange and correlation effects are not included. These effects, as seen in I, affect the form factor rather significantly and thus the band structure energy should be written by including the exchange and correlation effects as Here w:'(k), n::, and Vz: are, respectively, the form factor. the screening charge density and the screening potential, which include the exchange and correlation effects. Using w,"'(k) given by equation (4.27) in I and replacing the summation over k by the k integral, the first term of equation (2.7), denoted by hereafter, is calculated as where and
Here E&) is defined similarly to ~ ( q ) in I, but without p ( k ) in the denominator of the integrand and ub(4) is defined similarly to U&) but with w,(k) in the integrand replaced by w-,(k + q). The meaning of the other symbols is the same as in I.
Considering that the true charge density n: ' is the sum of the screening charge density n; ' and the depletion charge density nd, the second term of equation (2.7), denoted by hereafter, can be written as
This equation can be simplified by applying the Fourier expansion to the charge densities and the corresponding potentials in it (eg, n,"'(r) = C, S(q) nFC(q) eiq.r for nFc in equation (2.13)). After this transformation, with the use of equations (4.21) and (4.14) in I, equation (2.13) can be written as
where (2.14)
(2.15) in which us,(q) is the screening potential given by the first term of equation (4.14) in I and can be calculated as AG2 in equation (2.14) is given by (2.16)
Electronic structure of metals-II
Accordingly, E;: is given by where
which is the normalized energy wavenumber characteristic with the exchange and correlation effects given by the above AGl and AG,.
Phonon dispersion relation
Within the Born-Oppenheimer and harmonic approximation the expression for the phonon frequencies in the principal directions (loo), (110) (111) may be written as (2.20) for the BCC and FCC crystal structures (Animalu et a1 1966) . Here q and s specify, respectively, the wavevector and polarization of the phonon. w,?(q, s) are the ion-ion frequencies, the numerical values of which are available in Vosko et a1 (1965) and Animalu (1967) . wz1 are the electronic contributions and can be calculated by substitution of the obtained normalized energy wavenumber characteristics into equation (12) in Animalu er a1 (1966) . Note that in equation (2.20) a repulsive Born-Meyer type term from the exchange-overlap interaction of the core wavefunctions centred on neighbouring atoms is neglected because this term is expected to be small in the alkali metals and Al, with the phonon spectra of which we are concerned here.
For the calculation of the phonon spectra using Shaw's OMP, the separation of the total energy into structural dependent and independent parts follows Shaw (1969) . This results in an expression for the energy wavenumber characteristic different from the present G I + G, (without 2c,, in G,) . At the same time, the effective charge is given by Zeff = Z -pd instead of that given by equation (2.5).
Results and discussion
The calculation of phonon frequency as described above has been applied to compute the phonon spectra for the alkali metals and A1 using both the EIMP and Shaw's ow. The results are plotted for Na, Rb and A1 in figures 1-3 where they are also compared with the experimental results (Woods et al 1962 , Copley et a1 1968 , Stedman et al 1966 . Note that the values of Z, Ro, kF, and R , required in the computation are respectively 3, 112@IO AU, 0.92553 AU and 0.50A for A1 and the same as in table 3 in I for the alkali metals.
In the interpretation and discussion of the results, the comments made by Price et al (1970) about approximations involved in this type of calculation should be borne in mind. According to them, discrepancies between calculated and experimental results can be due to inadequacy on any one or more of the following four points: (i) pseudopotential, (ii) screening, (iii) restriction to the second order perturbation theory and (iv) use of the harmonic approximation. In the following we discuss the results for each individual case. For Li, the difference between the results from the two model pseudopotentials, ie, the EIMP and Shaw's OMP, is small in general (-5%). Both results are 1520% too high as compared with the experimental values, and are similar to those obtained by Animalu and Heine (1965) and Williams and Appapillai (1973) . The major factor of this discrepancy is believed to be due to the inadequacy of the second order perturbation theory. Indeed, as shown by Bertoni er a1 (1974) , inclusion of the third order perturbation correction in a local approximation did improve the results. Also, the density of states effective mass m* for Li on the Fermi surface in the (loo), (1 lo), and (1 11) directions, calculated by solving the secular determinant (see next section), being 1.34, 1.86, 1.45, respectively, compared with the value 1.17 from first order perturbation theory seems to support the above conjecture. For Na, as shown in figure I , the difference between the two theoretical phonon spectra is also small. Both of them agree favourably with the experimental resuIts in view of the uncertainties involved in other parts, mainly points (ii) and (iv) above.
Comparison of m* as in the Li case shows that second order perturbation theory might work well in this case (1.03, 1.06, 1.04 vs 1.01). Comparison with the result by Williams and Appapillai (1973) shows that a different treatment of the exchangecorrelation and effective mass effects causes about 3% change in the spectrum.
For K, the difference between the two phonon spectra presently calculated becomes -6%. They are lying on both sides of the experimental values so that agreement of each with the experiment is quite good. Rigorously speaking, however, the results from the EIMP appear to be in general closer to experiment. Comparison of m* (1.03, 1.01, 1.01 vs 0.94) shows that second order perturbation theory probably works well here.
For Rb, as shown in figure 2 , the difference between the two theoretical phonon spectra becomes greater than in K. For Al, the difference between the two calculated phonon spectra is small. Both of them are in reasonably good agreement with experiment as shown in figure 3 . Comparison with the result of Williams and Appapillai (1973) indicates that the difference in different treatments of the exchange-correlation and effective mass effects in the two cases causes a significant change in the phonon spectrum.
From the calculation presented above a conclusion can be drawn. Because of the summation over the electronic states in equation (2. l), the difference between the EIW form factor and Shaw's o m form factor becomes significant only for large q. But for those values of q, o,"~ is small compared with U:, so that the final percentage difference in the present calculation of phonon frequencies by the two different model pseudopotentials is not so significant and both the EIMP and Shaw's o m formalisms are able to give reasonable agreement with the experimental phonon spectra.
Fermi surface distortions
Method of calculation
Within the pseudopotential calculation, as is well known, the energy of a conduction electron of wavevector k, E&, may be determined in general by the secular equation
where Gi is the reciprocal lattice vector, Jk + Gj) are plane waves, and T and W are, respectively, the kinetic energy and pseudopotential operator. Solving equation (3.1), we can determine the Fermi energy E , and then find the wavevector k in each direction which satisfies the relation Ek = E,. The values of k thus determined describe the shape of the Fermi surface. However, for simplicity, in this work we calculate E , by the equation as in the work of Inoue et al (1971) . Here E,,,, E l l l and E,,, are the energy at the Ikl = k;, k; being the free electron Fermi vector, in the principal directions (loo), (1 11) and (1 10) respectively. This calculation is believed to be a good approximation in the free electron type materials such as alkali metals, which have nearly perfect spherical Fermi surfaces. Then the radial distortions of the Fermi surface are measured by the equation where i stands for the three principal directions. However, as shown by Dagens and Perrot (1973) , the 6;s are more sensitive to errors in the calculation of EF.
Consequently, the quantities X and Ydefined by
(3.4b) are also used in the study of the radial distortions of the Fermi distortions and perhaps are better quantities to be compared with the experimental results (Lee 1969 , Inoue et a1 1971 , Dagens and Perrot 1973 .
Results and discussion
The present calculations have taken account of the three sets of the reciprocal lattice vector (G, jG2,,) and jGzl j and we have solved the 43 x 43 secular determinant numerically. From our previous experience of the similar calculation for the HeineAbarenkov type model pseudopotential (Matsuura 1974) , the convergence of the present results is expected to be reasonably good but not perfect in some cases (there may be errors within several per cent). We have not pursued the perfect convergent results because it requires unnecessarily long computer times. Nevertheless, the main conclusions of the present calculation will not be affected by this lack of the perfect convergence. Our results for the radial distortion of the Fermi surfaces in alkali metals, calculated as described above using the EIMP and Shaw's OMP, are listed in Matsuura 1974) , and the experimental results (Lee 1969) . Note that the results of Dagens and Perrot (1973) Appapillai and Heine (1972) in going from the lighter alkali metals to the heavier ones. On the other hand, comparison with the results from APW band calculations shows that the EIMP calculation is at least as good as any of first principles crystal potential calculations for the lighter alkali metals and perhaps better for the heavier ones. This may be understood on the ground that the conduction electron-ion-core correlation and relativistic effects are included rather accurately through the model potential parameters fitted to experimental atomic energy levels in the EIMP calculation.
As noted in Inoue et al (1971) , the Fermi surfaces in K, Rb and Cs are rather sensitive to the position of the d levels above the Fermi levels, ie the d component of the ionic potentials. Therefore, the fact that the EIMP yields reasonable results in K, Rb and Cs seems to indicate that the EIMP reasonably describes the effects of the d levels above the Fermi level without having to use a virtual resonant type term such as that of Bortolani and Calandra (1970) .
Although Shaw's OMP is usually considered to be an improvement over the HeineAbarenkov-Animalu model potential (HAAMP), results calculated using the latter (Matsuura 1974) appear to be in better agreement with experiment as shown in table 2. However, in order to see the sensitivity of the results to the uncertainty in the value of the model potential parameters due to the energy dependence as mentioned in $1 of I, we repeated the calculation with HAAMP for K and Rb changing the value of the parameter A2, which is strongly energy dependent as compared with parameters A. and A in HAAMP, by f 5%. The results thus calculated are summarized in table 3. It is immediately obvious that the results considered here are very sensitive to the uncertainty in the model potential parameters due to the energy dependence. This sensitivity of the results to the model potential parameters in the energy dependent type model pseudopotential indicates an advantage of the EIMP formalism where the corresponding parameters are determined uniquely without ambiguity contrary to the case of the energy dependent type model pseudopotentials.
Conclusion
In spite of the significant difference between the EIMP form factor and Shaw's o m form factor, in the case of phonon spectra the results from the EIMP formalism and that from Shaw's o m formalism are not very much different. In reality, both formalisms are able to give reasonable agreement with experimental phonon spectra as discussed in 42.3. For Fermi surface distortions of the alkali metals, however, results obtained by Shaw's OMP are much worse than those calculated by the EIMP. In particular, the uncertainty in the parameter A2 of Shaw's OMP due to the energy dependence affects the Fermi surface distortion results very much for heavier metals. In these senses the EIMP formalism is more appropriate than Shaw's OMP formalism for calculating the electron structure of metals.
On comparing the present results with the APW results for the radial distortion of the Fermi surface, we found that the EIMP result and the APW result are about the same for the light alkali metals. For the heavier alkali metals: however, the EIMP results agree better with experimental results than existing APW results. The difference between the two theories probably arises predominantly from the treatment of the conduction-electron ion-core correlation. In particular, relativistic effects due to the deep-core electrons are included simply by the model potential parameters fitted to the experimental atomic energy levels in the EIMP calculation, while in existing APW calculations it is neglected. It then appears that the relativistic effect due to the deep-core electrons on Fermi surface distortions is rather important for heavy metals.
Finally, it should be pointed out that the calculated results in table 2 will change if the k dependence of exchange and correlation effects is properly taken into account. However, in view of small difference between our theoretical results including the exchange-correlation effects and those without these effects, we do not expect such a change to be as significant as concluded in a paper just published (Rasolt and Vosko 1974) in the present calculation.
